We study the entanglement dynamics and relaxation properties of a system of two interacting qubits in the two cases (I) two independent bosonic baths and (II) one common bath, at temperature T . The entanglement dynamics is studied in terms of the concurrence C(t) between the two spins and of the von Neumann entropy S(t) with respect to the bath, as a function of time. We prove that the system does thermalize. In the case (II) of a single bath, the existence of a decoherence-free (DFS) subspace makes entanglement dynamics very rich. We show that when the system is initially in a state with a component in the DFS the relaxation time is surprisingly long, showing the existence of semi-decoherence free subspaces. The equilibrium state in this case is not the Gibbs state. The entanglement dynamics for the single bath case is also studied as a function of temperature, coupling strength with the environment and strength of tunneling coupling. The case of the mixed state is finally shown and discussed.
I. INTRODUCTION
The principle of superposition is the most important feature of quantum mechanics. It gives rise to interference and to quantum entanglement. Among its endless implications, is the possibility of processing information in a way that goes beyond the classical scheme of the Turing machine, with the fundamental consequence that information is physical. Computer science is thus not a branch of pure mathematics. Moreover, quantum computation promises to be able to solve certain computational problems with an exponential speed-up (for a review on quantum information, see [1] ).
A quantum system will generically lose coherence when interacting with another quantum system. In this case, its evolution will not be unitary, and there will be quantum correlations with the environment. The phenomenon of decoherence has been advocated as the solution of the measurement problem in quantum mechanics, and the appearance of the classical world [2, 3] . For quantum information, preserving coherence is the most important and demanding problem in order to build a functioning quantum computer [4] . The loss of quantum behavior in a system can be measured by the loss of quantum correlations within the system, and the increase of quantum correlations with the environment, or, in other words, by the entanglement within the system, and with the environment. Unfortunately, there is not a general way to study entanglement between three parties. A relevant exception is constituted by the case of two qubits because the concurrence C between the two qubits is a valid measure of their entanglement even in a mixed state [5] . Therefore, in the case of a composite quantum system constituted by two qubits and an environment, the entanglement between the qubits can be characterized by their concurrence, while the von Neumann entropy S * Electronic address: ahamma@perimeterinstitute.ca can measure the entanglement between the system of the two qubits and the environment.
In this paper we study a quantum system made of two interacting qubits coupled to a bosonic bath. We consider the following two cases: (I) for each spin one independent bath and (II) both spins coupled to the same bath.
The non equilibrium dynamics of the reduced density matrix ρ(t) of the two qubits is studied within the Bloch-Redfield approach [6] . We assume that the environment is in thermal equilibrium at temperature T and the system-bath coupling is weak. With this assumption, one obtains a set of coupled integro-differential equations for the elements of the reduced density matrix. In the Markov approximation, the equations of motion for ρ(t) take then the form of simple linear differential equations that can be solved analytically. Although quantum systems interacting with a bath are generically believed to relax, there are only a few examples where one can carry out all the calculations and prove directly how relaxation is achieved. In the case (I) we prove that the system always relaxes to the Gibbs state. The case (II) is more rich due to the existence of a decoherence-free subspace (DFS) [13] . The novelty of our approach is also in taking in explicit consideration what happens if the system is initially in a state which has a component in the DFS, which has very important consequences.
The main object of this work is the study of the quantities C(t) and S(t) as a function of time and temperature T for both the cases (I-II). Since we are interested in the formation of quantum correlations, we put emphasis in the case T = 0 where the entropy S has the meaning of entanglement with the bath degrees of freedom. The system of two spins in bosonic bath has been studied in several papers [7, 8, 9, 10, 11] .
As mentioned above, the existence of the DFS reveals an important novel effect. There is an "interference" effect that decreases dramatically the decoherence rate when the initial state is in a coherent superposition between the DFS and its complement. We also see that the system relaxes to a state that is not the Gibbs state because the amplitude of the singlet state must stay constant. Moreover, we study entanglement dynamics and relaxation behavior for the system (II) as a function of temperature T and coupling strength. Finally, we study the case of the mixed state, to show that the dramatic increase of relaxation time discussed above is genuinely a quantum effect.
II. THE MODEL
We consider a simple generalization of the spin-boson problem [14] , where two qubits interact with each other via an Ising type coupling and are also coupled to a bosonic environment. The system Hamiltonian is
We take = k B = 1. Here σ's and τ 's are the Pauli matrices on the first and the second spin respectively. For simplicity bias terms are absent and the tunneling coupling ∆ is the same for both spins. The system Hamiltonian is trivially diagonalized (see appendix) and we will denote by {|E i } the basis of its eigenstates. In case (I), the baths are modeled by the Hamiltonian
The interaction Hamiltonian is
Each spin is subject to one fluctuating force and the two forces are uncorrelated. The coefficients c α,i give the strength of the coupling of the system to each harmonic oscillator of the bath, which we assume to be weak. For a gaussian model all the properties of the baths are described by the spectral density J i (ω) = π α c 2 α,i δ(ω α,i − ω) which, in the case of ohmic baths that we consider here, takes the form J i (ω) = 2πK i ω exp(−ω/ω c ). Here ω c is the cut-off frequency which is assumed to be the largest energy scale in the problem. We study the case K 1 = K 2 ≡ κ/2π, with the two baths at the same temperature T . In the case (II) the same fluctuating force acts on both spins so that H B has only one set of harmonic oscillators. The coupling of the spins to the reservoir in this second case reads
III. BLOCH-REDFIELD APPROACH
In this section we introduce the equations which allow us to study the time evolution of the reduced density matrix of the two spins. Within a Markov approximation, the matrix elements of the reduced density matrix in the eigenvectors basis {|E i } obey the following generalized master equation [6] :
The rates Γ ± are given in the appendix. The indexes m, m ′ n, n ′ run from 1 to 4. E 1 , ..., E 4 are the eigenvalues of H S and ω mn = E m − E n . Equation (5) can be simplified by keeping only secular terms, i.e. those terms such that the argument of the exponential is zero. The equation for the diagonal elements (populations) of the density matrix iṡ
with
For the off diagonal elements (coherences) we havė
lnmk if ω mn = ω kl and zero otherwise. Due to the symmetries of the model the coefficients Γ ± mmm ′ m ′ are identically zero. To simplify the calculation we disregard the Lamb shift to the eigenfrequencies due to the imaginary part of the Γ's. Within this approximation we can write
We solve Eqs. (6) and (7) by Laplace transform and discuss separately the cases (a-b).
Direct calculation shows that all the coefficients which appear in Eqs. (6) and (7) are not independent. Before we proceed to brute force solution of the differential equations it is convenient to employ all the symmetries of the problem. From the spectrum of H S we obtain that ω 31 = ω 42 and ω 43 = ω 21 . Moreover W mn = exp[−βω mn ]W nm . For both cases (I) and (II) the solution of Eq. (7) is straightforward once we notice that for this model all the Θ's are zero. This simplification does not apply when the two spins have a different ∆'s and one hads to take care of all term appearing in EQ¿ (7) . We obtain
In the case (I) direct calculation shows that W 43 = W 21 and W 42 = W 31 and W 41 = W 32 = 0. In the case (II) the system is assumed to interact with a single ensemble of harmonic oscillators. It is well known that in this case a DFS exists, i.e., a subspace of the non interacting system which is fully decoupled for the environment and where the time evolution is unitary [13] . For this simple model the DFS is one-dimensional and coincides with the singlet eigenstate |3 . It follows that W 13 , W 23 , W 43 are all identically zero. Moreover also W 14 is zero as the straightforward calculation shows. Also in this case we are reduced with only two parameters W 42 and W 21 which in this case are not equal as in the double bath case. Of course the population ρ 33 of the singlet state remains constant 
respectively. The two spins are initially disentangled with the environment. At t = ∞, the system always thermalizes in the ground state and therefore is a pure state: at short times the system gets quickly entangled with the environment due to fast decoherence, then it dissipates to reach the ground state. The relaxation time is of the order of t ∼ 400. Notice the different behavior of the concurrence in the different cases. In particular, there are no oscillations for the case of the initial singlet state. When the system is very entangled with the environment, the concurrence dynamics changes qualitatively, before dissipation intervenes to damp its oscillations.
in time. In both cases (a-b), the analytic solution of Eq. (6) is then obtained by taking the Laplace transform with respect to the time and by solving a set of algebraic equations. The explicit expressions are reported in the appendix. We can write the full solution of Eqs.(6-7) in a superoperator form: ρ(t) ≡ E t ρ(0).
IV. ENTANGLEMENT DYNAMICS AND THE DFS INTERFERENCE
Having found the solution ρ(t) for the time evolution of the density matrix of the system, we can proceed to the study of the entanglement dynamics. Let us call H s the subspace of the singlet state |3 and H ⊥ ≡ span{|1 , |2 , |4 } the subspace orthogonal to it. We will initialize the system in the pure state ρ(0) = |Ψ Ψ| corresponding to a generic superposition between the two subspaces; |Ψ = A|φ ⊥ + B|3 , with |φ ⊥ ∈ H ⊥ . Having obtained the solution ρ(t) for the dynamics of the reduced system, we can study the von Neumann entropy S(ρ(t)) = −Tr(ρ log ρ) and the two-spins concurrence 
The two spins are initially disentangled with the bath. At t = ∞, the system thermalizes in the ground state and thus is disentangled again. At short times the system gets quickly entangled with the environment due to fast decoherence, then it dissipates to reach the ground state. Unlike the double bath case, there is an important relationship between entanglement with the bath and concurrence. The concurrence decreases, but when the system is very entangled with the bath, the structure of the oscillations changes qualitatively before the dissipation becomes relevant. The relaxation time is of the order of t ∼ 400. The Von Neumann entropy will not equilibrate to zero so that there will be a residual significative entanglement with the bath. The concurrence oscillations are damping very slowly. In the inset, we show the behavior of C(t) and S(t) at a very large t. The relaxation time is of the order of t ∼ 4 × 10 5 . Moreover, the system-bath entanglement (Von Neumann entropy) reaches a minimum before slowing rising to the final value at the equilibrium.
as a function of time. Here λ i 's are the eigenvalues of ρ(σ y ⊗ σ y )ρ * (σ y ⊗σ y ). We have performed a study in the space of the parameters v, ∆, κ, β = 1/T and different initial states ρ(0). The strength of the coupling κ only changes the time scale of the evolution. The parameters v, ∆ both set the time scale and a temperature scale. Moreover, for the case of the single bath they have an effect on the concurrence at the equilibrium. The effect of the temperature is that of making the system dissipating faster, and mixing the system. Here, we want to focus on the important case of zero temperature because at T = 0, the entropy S(t) has the meaning of measuring the entanglement with the bath degrees of freedom. At T > 0, it is not possible to distinguish the quantum correlations with the bath and the mixing due to the finite temperature. Initially the system is prepared in a pure state, and therefore S(0) = 0. Then, the dynamics given by the interaction Hamiltonian will entangle the system with the environment. Let us examine now the two cases.
(I) Two independent baths.-In Fig.1 are plotted C(t) and S(t) for the four initial states |Ψ a = 1/ √ 2(| ↑↓ + | ↓↑ ), |Ψ b = | ↑↑ in the irreducible subspace H ⊥ , the singlet state |Ψ c = |3 ≡ 1/ √ 2(| ↑↓ − | ↓↑ ), and |Ψ d = | ↑↓ . The choice of parameters is v = 0.7, ∆ = 1, κ = 0.01 and β = 10 that is a very low temperature for the system. The concurrence C(t) goes to zero as the system decoheres. Since the time of decoherence is much faster than dissipation, most of the concurrence is lost at earlier times, then it degrades more slowly. If the system is initialized in H ⊥ , it will be oscillating with damping oscillations. If it is initialized in the singlet state, it just leaks towards the other states (in particular, the ground state) without oscillations because |3 is an eigenstate of H S (Fig.1c) . In all cases the concurrence revives after having gone to zero, in the point where the entanglement with the environment is maximum, a sign of monogamy of entanglement. An important effect is that, when the system gets more entangled with the baths, the concurrence dynamics changes qualitatively and the some oscillations increase their amplitude (see, in particular, Fig.1b) .
We can prove that the system relaxes taking the limit ρ (bi) eq ≡ lim t→∞ ρ (bi) (t), and obtain, for a generic β,
is the partition function of the system. The system thermalizes in the Gibbs state. This is what everyone would expect, a system is supposed to thermalize in the Gibbs state. It is though always very difficult to prove relaxation to equilibrium in concrete examples and this is one of our results. At T = 0 the Gibbs state is the ground state and therefore the asymptotic value for S is zero. At T > 0, the von Neumann entropy will first increase to a high value due to the fast decoherence, and then, when dissipation kicks in, slowly decrease to its asymptotic value given by the entropy of the Gibbs state. Notice that the relaxation time is of the order of t ∼ 400, independently of the initial state.
(II) Single bath.-The behavior for the system in a single bath is completely different. In this case, the singlet subspace H s is a DFS [13] . If the system is prepared in the singlet state ρ(0) = |3 3|, it will stay there forever, so the case A = 0 is trivial. If we prepare the state in the subspace H ⊥ , there can be no effect due to the DFS. Nevertheless, the entanglement dynamics is very interesting. In Fig.2a , the concurrence C(t) and the von Neumann entropy S(t) are plotted for the initial states |Ψ a = 1/ √ 2(| ↑↓ + | ↓↑ ) ∈ H ⊥ . At the beginning, the system is not entangled with the bath, and the concurrence starts decreasing, due to fast decoherence, in a fashion very similar to the case of the double bath. Then notice, that also here, when the system is very entangled with the bath, the concurrence dynamics changes again qualitatively. When the dissipation becomes relevant, the oscillations damp and the system relaxes to the Gibbs state. At the plotted temperature β = 10, this is practically the ground state so that the entanglement with the bath is zero. The equilibration time is of the same order of magnitude than the case (I) with the two independent baths. In Fig.2b the initial state is |Ψ d = | ↑↓ , which is the equal superposition between |Ψ a and the singlet state |Ψ c ≡ |3 . Now things change dramatically. The concurrence dynamics is qualitatively completely different, and it damps in an extremely slower way. In Fig.4 is shown the behavior at large times: the equilibration time is of the order of t ∼ 4 × 10 5 , three orders of magnitude more than the usual. How is it possible? Why the oscillations of the system are damped in such a slow way? Even if "half" of the system is in the DFS, it could still be that the decoherence time will depend only on the part that is in H ⊥ . This is exactly the case if we prepare the initial state in the mixed state ρ(0) = 1/2(|Ψ 1 Ψ 1 |+|3 3|). The evolution equations ρ(t) = E t ρ are linear and we would expect the same type of oscillations than for the first term only, since the second one is constant in time. But that is not the case. The state is prepared in a coherent superposition of |Ψ 1 and the singlet state |3 , so this means that the off-diagonal terms in ρ(0) show up in ρ(t) = E t ρ(0) in a way that makes the decoherence much slower. We say it is an interference effect because it discriminates between a coherent superposition and a classical mixture. As we shall see in section VI, there is no such effect if the initial state ρ(0) is a classical mixture of states in H s and H ⊥ . In order to understand the long decay time when the system is initialized in a state with a component in the DFS H s , let us look at the decay of ρ 13 and compare it to the one of, say, ρ 12 . The oscillation behaviors are comparable but the exponential decays are very different. These decays are governed by the rates γ 13 and γ 12 , as one can see from Eq.(9). Using Eq. (8) and the fact the W 13 is zero we readily find that at low temperature γ 13 ∝ coth(βω 21 /2)−1 while γ 12 ∝ coth(βω 21 /2)+1. With our choice of the parameters we have γ 12 /γ 13 ∼ 10 3 as illustrated in the plots.
Not only the system thermalizes with a longer time scale, but it does not relax to the Gibbs state. After all, we expect the population of the singlet state to be a constant of the motion. Taking in ρ (mono) (t) the limit for t → ∞, we find
(11) where = |B| 2 , the entanglement with the bath can be non vanishing even at the equilibrium at zero temperature. For instance, at T = 0 the equilibrium value for the Von Neumann entropy S is given by S = |A| 2 log |A| 2 + (1 − |A| 2 ) log(1 − |A| 2 ) and is obviously maximized by |A| 2 = 1/2 for which we have S = 1, as it was also argued in [10] . The concurrence C at zero temperature still depends also on v, ∆. For the case study of v = 0.7, ∆ = 1 the equilibrium concurrence at T = 0 is C eq ≃ 0.33.
V. STUDY IN TEMPERATURE AND COUPLING STRENGTHS
In this section we study the behavior of the entanglement dynamics in the system (II) as a function of the coupling strength with the environment κ, the temperature β, and the parameter ∆. The initial state is |Ψ a = 1/ √ 2(| ↑↓ + | ↓↑ ). The results of the study in κ are plotted in Fig.(5) , for a low temperature β = 10. We expect that a greater coupling with the environment will not make qualitative changes, as long as the hypotheses of weak coupling are still satisfied. We expect that the time scale of the system will shrink for larger couplings. Fig.(5) confirms this physical insight in the behavior of both C(t) and S(t) at every time scale.
The second study is the behavior of the system in temperature. In Fig.(6) we have plotted the time evolution of S(t) and C(t) for different temperatures β. At high temperature β = .1, the system decoheres very rapidly and the entanglement dynamics is trivial: it entangles and mixes with the environment and the two spins disentangle from each other. At a medium temperature β = 1, the process of entanglement and dissipation towards the environment is smoother, and the concurrence dynamics is less trivial, eventually though, the two spins disentangle from each other. At low temperatures β = 5, 20, the system shows the most interesting behavior. Now the Von Neumann entropy can be interpreted as just the entanglement with the environment. Its rising and decay marks the two phases of decoherence and dissipation. Initially, the system rapidly decoheres by entangling with the environment. The time scale of decoherence is much smaller than the one of dissipation. Then, dissipation intervenes, and at very low temperature the system must fall into the ground state, which is a pure state and thus disentangled with the environment.
The behavior of Concurrence C(t) is the most interesting as a function of temperature. At high temperatures, the concurrence is rapidly damped down because of the entanglement with the environment. The entanglement is monogamous so as the system entangles with the environment, the mutual entanglement between the spins decreases. Once zero, even though the system gets more and more mixed, the Concurrence remains zero. At high temperature there is no quantum correlation left in the system. At low temperatures instead, the Concurrence revives and its behavior is non monotonic. The Concurrence equilibrates to a non-zero value at with damped oscillations. The amplitude of the oscillations changes pattern when the system is very entangled with the environment.
VI. THE MIXED STATE CASE
In this section, we study the behavior of the system prepared in a initial classical mixed state. The common bath is at the extremely low temperature β = 20. Let us define the density matrices
We want to show that if we prepare the system in the initial classical mixture ρ (1) mix = (ρ a + ρ c )/2, there is no trace of the behavior obtained when we have a coherent superposition of a state in the DFS H s with one in H ⊥ . We will compare the entanglement dynamics with the initial preparation of the classical mixture of two states in H ⊥ , namely ρ
The plot of Fig.7 shows the results. Let us first look at the evolution for the entanglement S(t) with the bath. The state ρ (1) mix gets very entangled with the bath during the fast decoherence period. Then when dissipation becomes important, the entanglement decreases. Nevertheless, the equilibrium state cannot be the Gibbs state because the population in the DFS H s is constant. Therefore the final state is not the ground state for the system and some mixture is present. This mixture does not mean that there is residual entanglement with the bath even though we are at extremely low temperature. The state ρ (2) mix instead, dissipates towards the ground state because there is no initial population in the initial state and it is, therefore, a pure state at the equilibrium, disentangled with respect to the bath. In both cases, the relaxation times are comparable t ∼ 400 like in the case of Figs.2-3 . The concurrence C(t) shows a similar pattern. In both cases we have revival of the concurrence after it hits zero and similar equilibration values. Again, the graphs show that the relaxation time is about t ∼ 400.
This study shows that the dramatic increase in the relaxation time shown in Fig.4 is due to the quantum superposition of state in H s and H ⊥ . It is a purely quantum effect. This means that if we consider for instance the subspace H semi ≡ span{|3 , |Ψ a }, although it is not a DFS, the relaxation time for states in this subspace is much larger than that of states its orthogonal complement, and this is because H semi contains a DFS. We call H semi a semi decoherencefree subspace. The existence of such subspaces is important in quantum computation because one can protect quantum memory and quantum information processing even in absence of a real DFS, which is often the case in presence of perturbations. Moreover, it enlarges the dimension of the subspace in which the information is protected. In the case studied for instance, the DFS is trivial because is one-dimensional, and no information (classical or quantum) can be encoded. Nevertheless, the subspace H semi is two dimensional and one can encode a qubit in it. So an array of pairs of spins 1/2 could constitute a good quantum register, of course for the model of noise presented here.
VII. CONCLUSIONS AND OUTLOOK
In this article, we have thoroughly studied the system of two interacting qubits in a bosonic environment, in both the cases where each spin is interacting with its own bath, and where they share a common bath. We solved the master equation for the reduced system of the two qubits and studied the entangle- ment dynamics by means of Concurrence and von Neumann entropy. In the case of the single bath, the entanglement dynamics is very rich. The concurrence oscillates violently in a time window when the system is very entangled with the environment but the dissipative effects are not yet important. If the state is initialized in a coherent superposition with a component in a decoherence-free subspace, there is an interference effect that changes the decoherence rate and the entanglement dynamics. This opens the interesting possibility of doing quantum computation "straddling" a DFS, thus having a bigger code for computation, that still has much better protection than decoherence than the ones that are orthogonal to the DFS. Moreover, conditions for the existence of DFS are considered unstable. Our results show that an approximate notion of decoherence-free subspace is possible and useful for protecting quantum information.
We also proved that this system thermalizes, but not always in the Gibbs state. Upon the completion of this work, we noticed the study of [15] , showing, for a different model of two qubits in two baths, similar results for the concurrence dynamics.
We have the following eigenenergies
The corresponding eigenvectors are
For notation simplicity we have introduced
and
Matrix elements of the reduced density matrix
We present here the explicit calculation of the rates appearing in the Master equation 5 that we use to solve for the dynamics of the reduced density matrix ρ S . As explained in the main text in the case of one single bath for both spins a (one dimensional) DFS exists. Because of the absence of bias terms in the Hamiltonian H S this DFS happens to coincide with the eigenvector |3 .
Uncorrelated baths--Assuming no correlation between the two baths,according to [6] we have
Where s 1 z = σ z and s 2 z = τ z , and
Here · β is the thermal equilibrium average over the bath's degrees of freedom.
A direct calculation shows that
The only quantity we need to compute is an integral of the form:
For ω > 0 we obtain (the case ω < 0 is obtained by complex conjugation):
P indicates the Cauchy principal value. The imaginary part can be absorbed as shift of the free oscillation frequencies of the system. For simplicity we disregard it. Because of the symmetries of H S we only need to calculate W 21 and W 31 , we obtain
We report here the explicit solution of the diagonal elements of the density matrix in the diagonal basis. We introduce Γ 1 = W 21 + W 12 and Γ 2 = W 31 + W 13 , using this notation we have ρ11(t) = h" 1 + e The calculation of the off-diagonal elements does not present any difficulties and it obeys the relation given in the main text. The explicit expressions of the γ's are directly related to W 21 and W 31 via Eq.8. As anticipated the state |3 is totally uncoupled to the other states, i.e. W 31 = W 32 = W 34 = 0 as the direct calculation shows. In this case ρ 33 (t) = ρ 33 (0 The fourth component ρ 44 is obtained from the normalization condition. To transform back to time domain the previous expressions does not comport any difficulties. Unfortunately the results can not be cast in a compact form so we do not report them here. Again the off-diagonal elements of the reduced density matrix obey the expression given in the main text but in in this case all the rates γ's are expressed via W 21 and W 42 . We report the relevant ones here for convenience. 
